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In this fast communication, we derive the statistical resolution limit (SRL), characteriz-
ing the minimal parameter separation, to resolve two closely spaced known near-field
sources impinging on a linear array. Toward this goal, we conduct on the first-order
Taylor expansion of the observation model a Generalized Likelihood Ratio Test (GLRT)
based on a Constrained Maximum Likelihood Estimator (CMLE) of the SRL. More
precisely, the minimum separation between two near-field sources, that is detectable
for a given probability of false alarm and a given probability of detection, is derived
herein. Finally, numerical simulations are done to quantify the impact of the array
geometry of the signal sources power distribution and of the array aperture on the
statistical resolution limit.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Passive sources localization by an array of sensors is an
important topic with a large number of applications,
such as sonar, seismology, digital communications, etc.
One can find many estimation schemes adapted to the so-
called near-field source localization (e.g., [1-5]). However,
to the best of our knowledge, no work has been done on
the resolvability of closely spaced near-field sources.

A common tool to characterize the resolvability
between two closely spaced signals is the so-called
Statistical Resolution Limit (SRL). The SRL [6-12], defined
as the minimal separation between two signals in terms
of parameters of interest which allows a correct resolva-
bility, is a challenging problem and an essential tool to
quantify estimators performance.

The idea herein is to use the detection theory in order
to derive/link the SRL to the probability of false alarm, Py,
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and to the probability of detection P4 In this spirit
Sharman and Milanfar [9] have studied the problem of
distinguishing whether the observed signal contains one or
two frequencies at a given SNR using the Generalized
Likelihood Ratio Test (GLRT). In Liu and Nehorai [11],
defined a statistical angular resolution limit using the
asymptotic equivalence of the GLRT (in terms of snapshots).
Recently, Amar and Weiss [12] proposed to determine the
SRL of complex sinusoids with nearby frequencies using the
Bayesian approach for a given correct decision probability.

It is important to note that all the references listed
before have been conducted in the spectral analysis
context or for the far-field source localization problem.
To the best of our knowledge, no study/result is available
concerning the near-field source localization problem.
The goal of this paper is to fill this lack. More precisely,
we consider the context of deriving the SRL for two
complex narrow-band closely spaced near-field sources
using a binary hypothesis test approach. Since the separa-
tion term is an unknown parameter, it is impossible to
design an optimal detector in the Neyman-Pearson sense
[13,14]. Consequently, the GLRT is applied herein. The
choice of the hypothesis test strategy is motivated by the
following arguments: (1) the SRL based on detection
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theory takes into account the statistical coupling between
parameters (unlike the Lee criterion [6]), (2) there exists a
relationship between the SRL based on the Smith criterion
[7] and the SRL based on detection theory in the asymp-
totic case [11] (in terms of snapshots). Taking advantage
of this relationship, one could deduce the SRL in the Smith
sense, and finally, (3) unlike the Bayesian approach [12],
the use of the GLRT does not require any prior knowledge
on the unknown parameter of interest [13]. Consequently,
in this paper we derive the SRL for two closely spaced
near-field sources that allows a correct sources resolva-
bility for an arbitrary linear array following the GLRT
strategy.

2. Problem setup and assumptions

Let us consider a received signal composed of two
emitted near-field and narrow-band sources impinging on
a linear array (possibly nonuniform) of N sensors. The
observation model is given by [3,4,15]

2
Ya®)= Y sm(®)™ +vn(0), M
m=1

t=1,...,L,n=0,...,N—1 where y,(t) and v,(t) denote the
noisy observed signal and the additive noise at the output
of the nth sensor, respectively, whereas, s,(t) denoted the
mth deterministic source signal. The number of snapshots
is denoted by L and 7, is the delay associated with the
signal propagation time from the first sensor to the nth
sensor w.r.t. the mth source which is given by [4]

27, d?> 2d,sin0
Tnm = vm( 1+r%r:—nrm—1> (2)

m

where v, 1, and 0, € [0,r/2] denote the signal wave-
length, the range and the bearing of the mth source,
respectively. The distance between a reference sensor
(the first sensor herein) and the nth sensor is denoted
by d, (e.g., in the case of Uniform Linear Array (ULA),
d, =nd where d is the inter-element space between two
successive sensors). It is well known that, if the source
range is inside of the so-called Fresnel region [4,16], i.e.

_1)2
0.62(D*v)'/? < 1y, < 2D? N vl) , 3)

where D is the array aperture, then the delay 7., can be
approximated by

2
Tnm = Prdn+ Kmdﬁ +0 <r7"> s 4)
m

in which p,,, = (=27/v) sin(0m) and km = (7/Vrm) c0s?(Om)
denote the parameters of interest. Neglecting the term
o(d? /r%), the observation model becomes

2
Ya®) =" sp(t)el®ndrtrnd) v, (p). 5)

m=1

Consequently, the observation vector can be expressed as
YO =[o(®)...yn1 (O] ©)

= [a(pvil )a(pszZ)]s(t)JFV(t)- (7)

in which v(t) =[vo(t)...vn_1(D), s(t)=][s1(t)s2(H)]T and
where

[P K] = Pmn+Kmd), )

Finally, the full observation vector can be written as

VAN (Y'@)...y" L )

Throughout the rest of the paper, the following
assumptions are assumed to hold:

e Al. The additive noise is assumed to be a complex
circular white Gaussian random process (uncorrelated
both temporally and spatially) with zero-mean and
known [9] or previously estimated [17] variance 2.

e A2. The parameters p.=((p;+p,)/2) and k¢ = ((k1+
K2)/2) (which represent the center parameters) are
assumed to be known [11] or previously estimated [9].
However, in the following we prove that this assump-
tion does not affect the SRL (since the SRL is indepen-
dent of p. and k).

e A3. The sources and the array geometry are known
[18-21] (the case of unknown signal sources leads to
an intractable solution of the SRL and is beyond the
scope of this paper).

3. Near-field statistical resolution limit
3.1. Hypothesis test formulation

In the following, we conduct a binary hypothesis test
formulation to derive the SRL. Let the hypothesis Hy
represents the case where the two signal sources combine
into one single signal (i.e., it represents the case of two
unresolvable targets), whereas the hypothesis #; embo-
dies the situation where the two signals are resolvable
[9,11,12]. Then, the hypothesis test is given by

Ho: 620, 10
{H] ;. 0#£0, (10
where 6 2 [6,0,]" denotes the vector separation in which
6p=p,—p; and J, =K—Kq1. The SRL P [0,0,]" repre-
sents the vector separation which resolves (10) for a given
Py, and a given Py. The Generalized Likelihood Ratio Test
(GLRT) is a well known approach to solve a composite
binary hypothesis test [14]. It is expressed as follows

_ o py; 5,0,(3107'[1) _ p(y§5p|5m7'{1)7;
CW =m0 oy~ pyiH  m D
in which p(y;.) denotes the pdf of y~ CN(E{y},c?),
si=[si(1)...s(L)]" for i=1,2, and where y, 5, and J,
denote the detection threshold, the Maximum Likelihood
Estimate (MLE) under H; of J, and J,, respectively. One
can note that the difficult task to derive the GLRT is to
obtain an analytical expressions of 3/, and 3,\. since the
near-field model is highly nonlinear. The key idea to
overcome this problem is to consider a small separation
[9]. This assumption can be argued by the fact the high
resolution algorithms have, asymptotically, an infinite
resolving power [22]. Consequently, in the following, we
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show that the near-field model can be linearized by
considering small separation on p and x.

3.2. Linearized near-field model

Using parameters p. and k., a first-order Taylor
expansion of the observation model around (J,,6,)=
(0,0) leads to

y=As, +Dé+v, (12)

where s, =s;+5, and D=[Bs_Cs_] in which s_ =s,—8;
(s1#8y) and s;=[si(1)...s;)]" for i=1,2. Denoting,
d=[dy d;...dy_1]", ® the Kronecker product, © the
Hadamard product and I, the identity matrix of dimen-
sion L x L, we have

A=I; ®a(p.Kc), (13)
B= %IL ® ((p,,icc) © d) (14)
and

c=lns@p.roodod. (15)

3.3. Constrained MLE (CMLE) of the SRL

Since, p., K¢, $1 and s, are known, observation model
(12) can be simplified according to

z2y As, =Dé+v. (16)

As & € R?, one has to find the Constrained MLE (CMLE)
of 4 in order to use correctly the GLRT. More precisely,
the constrained optimization problem can be written
according to

arg m(sax L(z,0) subjectto 3{é} =0, a7
where L(z,0) = In p(z; ,H;) is the log-likelihood function,

3{.} denotes the imaginary part. The Lagrange function
adapted to this problem can be defined as

9
£(0.9) = L2.0)~"5-(0-5%) (18)
% ! DT(z—Dé)*—jg
L@ = o o 19)
i 314},

where & is the Lagrange multiplier. Setting (6£/09)| 5, =0
one has

6o =(D"D)"! (D”z— %02.9) (20)
where

2
DD = ”s;” F, @1
in which

L f3
F= {f3 fJ @2)

and
N-1 )

fi= Y @' (23)
n=0

Thus, note that DD is a real matrix. Consequently, using
(65/6.9)\90 =0 and (20), one obtains

2 nH
3o = ~33(D"z). 24
Plugging (24) into (20) one obtains

5 = (D"D)"'®(D"z). (25)

3.4. Near-field SRL derivation

In the light of the above framework, the new binary
hypothesis test is given by

Ho: Z=V, 26
Hqi: z=Do+v. (26)

The GLRT is then expressed as

p(z;6,11) (122 /6?)—(12-Dé 12)ja?) 3,
Gz)=22" e zn. 27
=@ o) ol @7
Thus,
1  inz  2TnH. 2TnHn 2
In G(z) = F(z Dé+6 D'z—6 D'DJ). (28)

Plugging (25) into (28), one obtains
In Gz) = % R{z'DyD"D) ' R(D"Z). (29)
Let us define the new statistic
A T
Tz)=2InGz)zn=2Iny. 30
Ho

According to the Appendix, one obtains

¥2(0)=y%2  under H,,
T(Z)~{/Cz( ) =15 0

23 (MPa,Pg)) under My, (€3))

where % and y%(A(Py,Py)) denote the central and the non-
central chi-square distribution of two degrees of freedom,
respectively, in which

2ls_112

= 3'Fd. 32)

;L(Pfavpd) =

Moreover, the probability of false alarm and the prob-
ability of detection are given by

P = Q2 () (33)
and
Pa=Quzp,,p (s (34)

where ng(n) and QX%(;_(pfa'Pd))(n) denote the right tail of the
13 and y3(M(Pp.Pg)) pdf starting from #. Thus, the non-
centrality parameter A(Pg,P4) can also be expressed as the
solution of

Q2" (P = Qatsqp, (P (35)

2
2
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where Q/‘zl and Q; are the inverse of the right tail
2

1
(3 (A(Pga,Pa))
of the 3 and y3(/(Pj,Py)) pdf. Consequently, one can state
the following results:

Result 1. The relationship between the SRL § and the
minimum SNR required to resolve two closely spaced
known near-field sources, is given by

A lspI2+lisy112

lsq 1% + lIs 112
SNRZ 2 R R S

—— U (36)
2ls_125' Fa

= A(Pfg,Py)

Result 2. The relationship between the SRL 4 and the
minimum SNR required to resolve two orthogonal
(i.e., si’s; =0) closely spaced known near-field sources,
is given by

AM(Psa,Pyq)

25'Fs

since lIs_II> = lIs; 112 +1s;12. O

SNR, = (37)

Note that SNR, is invariant in comparison with the
source powers.

4. Simulation results

Two complex near-field narrow-band sources belonging
to the so-called Fresnel region are impinging on a linear

+. 8 with the exact p_and «

35 1\ | — Sy with the estimated Pq and k. ||

30

SNR [dB]

25|

20|

Fig. 1. The required SNR to resolve two known closely spaced near-field
sources using the exact and the estimated (using the 2D-MUSIC algo-
rithm [5]) parameters p, and k., for an ULA of N=15 sensors with L=25
snapshots and &, = 0.02. The same behavior is noticed w.r.t. 5,,.

array (the geometry is detailed of each scenarios). The
probability of false alarm and the probability of detection
are, for example, fixed for Py =0.01 and Py=0.99.

e From Result 1, one can notice that the SRL does not
depend on the parameters p, and k.. Furthermore,
from the Cramér-Rao bound point of view, one can
easily prove that the CRB w.r.t. p; and p, (or, k; and
K), for two known signal sources, depends only on J,
and J,. and does not depend directly on p; and p, (or,
K1 and k) themselves (ie., CRB(p;)=f(6,,9,) and
CRB(k;) =f"(,,0)). Consequently, since the estimation
accuracy depends only on the parameter separation, it
is natural to expect that the SRL does not depend on p,.
or i.. Indeed, and as expected, from Fig. 1 one notices
that the SRLs using the exact values p, and x. and the
estimated values p. and k. are the same. One con-
cludes that the assumption A2 is not restrictive at all.

e On the other hand we consider now the ratio of SNR,,
given in (37), over the SNR, given in (36). Assuming the
same signal sources power in the orthogonal and non-
orthogonal cases, one obtains

SNR, _ lIsqlI? +Iisy 12 —2%R{sks;}

SNR — s 112+ lsy 112

Consequently, in the context of orthogonal signal
vectors, it should be noted that the minimum SNR in
(36) may be either greater than or less than SNRy in
(37). For example, in the case of Binary Phase-Shift
Keying (BPSK) SNR, > SNR as shown in Fig. 2. The gain
is around 3 dB. The necessary and sufficient condition
to have SNR, < SNR is R{s{s;} > 0.

e Finally, we study the impact of nonuniform array
geometries on the SRL. Different configurations are
considered herein as shown in Table 1; type 1 config-
uration where the three missing sensors cause a
diminution of the array aperture; type 2 and type 3
two any configurations where the three missing sen-
sors do not affect the array aperture; and the filled ULA
configuration. From Fig. 3, one can deduce that a loss
of sensors has an important impact on the SRL if the
sensors are located in the extremity of the array (this
loss is around 2.5 dB). However, this problem is largely
mitigated if the missing sensors do not modify the

50 : y - . . .
OBy
© 9'-"'@-----@.....@.....G)
_ 45
A
; 40 A O s
= the orthogonal case
G) the non orthogonal case
35 : ‘ i
1 2 3 4 5 6 7 8
5, x10°

Fig. 2. The required SNR to resolve two closely spaced BPSK near-field sources in the case of real orthogonal signal sources and non orthogonal signal
sources, for an ULA of N=7 sensors with L=25 snapshots and ¢, = 0.02. The same behavior is noticed w.r.t. 0.
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Table 1
Different array geometries where e and © denote the position of sensors
and missing sensors, respectively. The inter-element distance is d = v/4.

Array type Array configuration
Type 1 (e} o . O . . . ° @]
Type 2 . ¢) . ) . ) . . .
Type 3 . e} @) o . . . . .
ULA L] L] L] L] L] L] L] L] L]
G ® Type 1
40 B T § 1O Type 2
o e T O Type 3
39 Koo, = ULA
"
i 3
m 38
h=2 L20]
z g
n 37 ] a o
g o °
36 . 2]
35 .
1 2 3 4 5 6 rg 8
_ 3
5, x10
44 " :
x. % Type 1
"y Type 2
43 K, § O Type 3
B, ULA
424 "%, bl
o 41 a s 7
o
= 2] ..,
14 i
Z 40 - ] L -
o0 %
a]
39 n
n
38 8.
B it ]
37
1 2 3 4 5 6 7 8
3 x10
K

Fig. 3. The required SNR to resolve two known closely spaced near-field
sources for different array geometries (see Table 1) with L=100 snap-
shots, (top) for a fixed J, =0.001, (bottom) for a fixed 5, =0.001.

array aperture. Nevertheless, note that removal of
sensors which are closer to the reference sensor (first
sensor) causes a smaller reduction in f; (for i=2, 3, 4)
in (36), and hence a smaller increase in the required
SNR.

5. Conclusion

In this paper, we have derived the Statistical Resolution
Limit (SRL) for two closely spaced near-field time-varying
narrowband known sources observed by a linear array
(possibly nonuniform). Toward this goal, we have conducted
a first-order Taylor expansion of the observation model and

a Generalized Likelihood Ratio Test (GLRT) based on a
Constrained Maximum Likelihood Estimator (CMLE) of the
SRL. This analysis provides useful information concerning
the behavior of the SRL and the minimum SNR required to
resolve two closely spaced near-field sources for a
given probability of false alarm and a given probability of
detection. In this way, the SRL has been analyzed with
respect to the power signal sources distribution and the
array aperture.

Appendix

The aim of this appendix is to find the distribution of
T(z) under Ho and H;. Toward this end, we first begin by
deriving the covariance matrix of R{D"z} denoted by

CmDHZ). Since

R(D"z) ~ N(E(R(D"2}},Cypypiy)),

one has

Cppiy = ERIDI IRV} = E(ap’), (38)
where

o = RDHRV}—3{D"}3{v) (39)
and

BT = RV IR{D*}— IV 3(D*). (40)

Since v is a complex white Gaussian circular noise,
thus

2
ERvIRW)) =EGWSW) = T (41)
and
E{R(v}3{v}7} = E{3{v}R{v}"} = 0. (42)

Thus, (38) becomes

Couppriy = %z(m{n“}m{n*}+3{n”}3{n*}) = %Z‘R{D”D}.

43)
Consequently, since R{D"D} =DD (see (21)), thus, T(z)
can be written as
T(2)=2'C;'z. (44)

where the Gaussian random variable z is given by
2 =%{D"z} and C; denotes the covariance matrix of the
random variable z. Thus, from (44), one can notice that

T(@) ~ 15(A(Pa,Pa)), (45)

where %4(A(Py,Pq)) denotes the non-central distribution of
two degrees of freedom in which the non-centrality
parameter is given by

2
PPy = E(2)7C; E(z) = 2”;_;”5%5. (46)
Finally, one obtains

under H,

150)=713
T@~< 5 0p p
13(A(Pr,Pg)) under H;,
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